Abstract. We compute the unified WRT invariants of the Seifert manifolds M (2, 3, 8) and M (2, 3, 4) (arising from ±2 surgery on the trefoil knot). The first is essentially a mock theta function which is a piece of one of Ramanujan's third order mock theta functions. The second is essentially the sum of a modular form and a false theta function.
Introduction and statement of results
Starting with the work of Lawrence and Zagier [16] , many mock theta functions have been shown to coincide asymptotically with Witten-Reshetikhin-Turaev (WRT) invariants of Seifert manifolds (see [14] ). Recently a family of unified WRT invariants, while technically not mock theta functions, were shown to have Hecke-type expansions closely resembling those of mock theta functions [15] . For example, related to the Poincaré homology sphere (c.f. [12, 17] ) is the q-series Here we have employed the standard q-series notation (a) n := (a; q) n := (1 − a)(1 − aq) · · · (1 − aq n−1 ).
The right-hand side of (1.2) resembles expansions for mock theta functions (see [24] ), but the quadratic form in the exponent of q is positive definite instead of indefinite. In fact, M 1 (q) is a false theta function. A natural question is then whether any unified WRT invariants will turn out to be genuine mock theta functions. Here we give one such example. We compute the unified WRT invariant of the Seifert manifold M (2, 3, 8) (arising from +2 surgery on the trefoil) and show that it is a mock theta function.
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Define φ 0 (q) by
and recall Ramanujan's third order mock theta function ψ(q),
Moreover, φ 0 (q) is a mock theta function satisfying
We also consider the case of −2 surgery on the trefoil. Here we do not encounter a mock theta function, but the sum of a modular form and a false theta function. Define M (q) by
Moreover, M (q) satisfies,
2. Proof of Theorem 1.1
The WRT invariant τ N (M ) for a 3-manifold M is constructed from the colored Jones polynomial J N (K; q) for the knot K to be surgered [21] . To compute τ N (M ) explicitly, useful is the cyclotomic expansion of the colored Jones polynomial,
Here we normalize the colored Jones polynomial to be J N (unknot; q) = 1. We mean J 1 (K; q) = 1, and the N = 2 case corresponds to the Jones polynomial. Habiro proved that for arbitrary K we have
For example, we suppose that the 3-manifold M 2 is constructed by +2-surgery on a knot K. Then we have H 1 (M 2 ; Z) = Z 2 , and the SU(2) WRT invariant τ N (M 2 ) for M 2 is computed as [21] (
Here ζ N = e 2πi/N , and L denotes the Laplace transform [4] . Explicitly we have
Thus the unified WRT invariant I q (M 2 ) for M 2 is written as
We set M to be the Seifert manifold M (2, 3, 8) (see, e.g., [20] ), which is obtained from +2-surgery on the trefoil. Applying (2.4) to the colored Jones polynomial for the trefoil [11, 17] 
we obtain
This establishes the first part of Theorem 1.1. Now to prove that φ 0 (q) is a mock theta function, one is tempted to apply the results in [24] , after showing that
using standard Bailey pair techniques in [2] . However, it turns out that we may prove (1.5) directly. We use a combinatorial argument. Since n 2 = 1 + 3 + · · ·+ (2n − 1) and 1/(q; q 2 ) n is the generating function for partitions into odd parts less then 2n + 1, it is clear that ψ(q) is the generating function for partitions into odd parts without gaps, i.e., where all odd parts < 2n − 1 occur if 2n − 1 occurs. (This was first observed by N. Fine [8, p.57] .) Now consider
We interpret this graphically. The term (−q 2 ; q 2 ) 2n+1 contributes a partition λ into distinct even parts of size at most 4n + 2. We represent λ as rows of 2's of length at most 2n + 1. The term q 2n+2 contributes a row of 2n + 2 ones, which we place above λ. Reading the columns, we obtain a partition into 2n + 2 odd parts without gaps, the fact that there are no gaps coming from the fact that the rows of twos are of unequal length. In the example, we obtain (11, 9, 7, 7, 5, 5, 3, 3, 1, 1) . Since the number of columns is even, the number being partitioned is even. Thus q 2 φ 0 (q 2 ) is the "even part" of ψ(q), i.e. (ψ(q) + ψ(−q))/2. This proves (1.5). Now using the modern definition of a mock theta function as the holomorphic part of a harmonic Maass form [5, 23, 24] , it is clear that if f (q) is a mock theta function, then f (q) + f (−q) is either a mock theta function or a modular form. To finish the proof of Theorem 1.1 we need to verify that ψ(q) + ψ(−q) is not modular. (It is worth pointing out that it can happen that f (q) + f (−q) is modular when f (q) is mock, for example when f is the second order mock theta function B(q) [10, Section 8].) To see this, recall that a mock theta function is modular iff its shadow (see [23] for the definition) is zero. Using [22, p. 65] and [24, Chapter 2], one may compute that ψ(q) has (up to a non-zero constant)
as shadow. From this one can conclude that ψ(q) + ψ(−q) has (up to a non-zero constant) the shadow
One can easily verify that (2.8) is nonzero. Before continuing, we wish to make some remarks. First, there is a companion to φ 0 (q) which is the "odd part" of ψ(q). Define φ 1 (q) by
Arguing as above it is easy to see that
and that ψ(q) − ψ(−q) is not modular, but mock. Next, while we have opted for the combinatorial argument above, (1.5) and (2.10) can also be deduced from the q-series identity
which follows from [8, Eq. (6.1)] or by counting partitions into distinct parts in two different ways. Namely, if we let G(b, t; q) denote the left-hand side of (2.11), then we have
A similar argument yields (2.10).
If we allow more complicated series involving multiple sums and the q-binomial coefficients,
then this kind of argument can be applied to other mock theta functions. For a simple example, consider Ramanujan's fifth order mock theta function
.
Define H(t; q) by 
Thus each of m,n≥0 q n 2 +n+m n + 2m 2m q (2.12) and m,n≥0
is either modular or mock. We have verified that they are both indeed mock.
Proof of Theorem 1.2
In general when the manifold M −2 is obtained from −2 surgery on the knot K, we have 
Thus the unified WRT invariant is given by
In the case that K is the trefoil, whose colored Jones polynomial is given in (2.5), M −2 is the Seifert manifold M (2, 3, 4), and substituting for C K (n) gives the first part of Theorem 1.2.
To confirm (1.7) we note that q 2 M (q) is the generating function for partitions into distinct parts whose largest part is even. On the other hand, (−q) ∞ is the generating function for all partitions into distinct parts, and by Franklin's involution (see [1] ) we have that the final term in (1.7) is the generating function for partitions into distinct parts whose largest part is even minus the number of partitions into distinct parts whose largest part is odd. This completes the proof of Theorem 1.2.
Concluding remarks
It is to be hoped that more unified WRT invariants will give rise to new mock theta functions, but this remains to be seen. These invariants are not easy to compute and when they can be computed they are often only defined at roots of unity, since the coefficients C K (n) in (2.1) are only guaranteed to be in Z q, q −1 . The following describes one instance where (2.4) and (3.3) are convergent q-series.
The colored Jones polynomial for the twist knot K p>0 is given by [18] J
It is known [6] that ±2 surgery on the twist knot K p is the Seifert manifold. Applying the Laplace transforms (2.3) and (3.2) to (4.1) we get the q-series related to the unified WRT invariants;
For now we have no futher information about these series for p ≥ 2 which would allow us to deduce any automorphic properties. Finally, if we would like combinatorial interpretations for the undilated φ 0 (q) and φ 1 (q) instead of φ 0 (q 2 ) and φ 1 (q 2 ), then we may appeal to overpartitions [7] . Arguing as in Section 2, we find that for i = 0 or 1, the series qφ i (q) is the generating function for overpartitions into odd parts such that (i) the non-overlined parts are without gaps and (ii) the overlined parts are less than 2k − 2i, where k is the number of non-overlined parts. We point out that two eighth order/second order mock theta functions of Gordon and McIntosh may also be interpreted in terms of overpartitions into odd parts where the non-overlined parts are without gaps. These are [9, 19] V 0 (q) := −1 + 2 n≥0 q n 2 (−q; q 2 ) n (q; q 2 ) n and V 1 (q) := n≥0 q (n+1) 2 (−q; q 2 ) n (q; q 2 ) n+1 .
All of this suggests that further series related to overpartitions where the non-overlined parts are without gaps are well worth investigating.
